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A general valence force field is determined from the experimental
vibrational frequencies and elastic constants of a-Al,Q; in order to
relate the macroscopic elasticity of this material to its microscopic
clasticity characterized by the bond-stretching and angle-bending
force constants. The evolution of the frequencies, elastic constants,
and force field as a function of temperature is discussed. © 195
Academic Press, Inc.

INTRODUCTION

A general relation between force constants and elastic
constants in a crystal was discussed by Born and Huang
(1). Then Shiro and Miyazawa (2) developed a general
matrix method, from the GF matrix method of Wilson et
al. (3), for treating elastic constants from force fields of
crystals. They showed that an identical GVFF may be
used to calculate (i) the vibrational frequencies and (ii)
the etastic constants of a molecular crystal with the appti-
cation of polyethylene. Partial derivatives of elastic con-
stants with respect to force constants were also calcu-
lated, for least-square adjustments of force fields with
reference to experimental elastic constants as well as vi-
brational frequencies. This calculation makes it possible
to know what are the internal coordinates (bond stretch-
ings, bond angle bendings, torsions) which are concerned
in a given vibrational frequency or a given elastic con-
stant. If the GF matrix method was commeonly used for
treating the factor-group vibrations of crystal lattices and
adjusting force constants sets with reference to observed
infrared and Raman frequencies, very little has been pub-
lished to our knowledge on the relation between force
constants and elastic constants and authors did not dis-
cuss the internal coordinates concerned in the elastic con-
stants.

The aim of our work is (i) to study the relation between
force constants and elastic constants in different materi-
als, (ii) to analyze the bonds and bond angles concerned
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in the compressive and shear constants in order to under-
stand the macroscopic elastic behavior of these materials,
and (iii) to evaluate if a rough prediction of the elastic
constants of a material is possible from the force field
obtained by vibrational spectroscopy data. To be valu-
able, the method should Iead to using the smallest number
of force constants as possible: principal force constants
of stretching, bending, and torsion but also interaction
constants such as stretchingfstretching, stretching/bend-
ing, and bending/bending interactions. If the principal
force constants of a compound may be approximated be-
fore calculations from force fields previously published
for close compounds having the same type of chemical
bonds, it is generally difficult to predict which interaction
constants are the most important. And the more compact
the crystal framework, the greater and the more numerous
the interaction constants. For these reasons, the first ma-
terial we studied was a-Al,O, which exhibits a great com-
pactness due to the face sharing of AlQ, octahedra and
to the high coordination of Al and O atoms respectively
6 and 4, Experimental Raman and IR spectra as well as
elastic constants are known but no force field calculation
was published for this compound.

In the second part of the work, the evolution of the
frequencies, elastic constants, and force field constants
as a function of temperature is discussed.

CALCULATION METHODS

The determination of GVFF force constants from the
vibrational spectra is based on the Wilson ef al.GF matrix
method (3) extended to the crystal using the method given
by Shimanouchi et al. (4). The programs used are the
Schachtschneider GMAT and VSEC (5) applied to mole-
cules or crystals and modified by Bates in order to extend
the method to a tridimensional crystal (6).

The C;; elastic tensor elements may be calculated from
the force constants by the matricial method developed by
Shiro and Miyazawa (2) from the Born and Huang theory
(1). The elasticity tensor matrix is given by the general
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formula
C=(D,FyD,— D,FyB,[B,FyB,1"'B,FyD)IV,

where Fy is the potential energy matrix (force constants
matrix), D is the dynamical matrix defined from the inter-
nal coordinate matrix and the atomic positions, B is the
transformation matrix of cartesian coordinates into inter-
nal coordinates, and V is the crystal cell volume. The
program written by the authors calculates also the partial
derivatives of the elastic constants against the force con-
stants (potential energy distribution or PED).

PREVIOUS STRUCTURAL VIBRATIONAL AND ELASTIC
DATA ON a-ALUMINA

Structural Data

The crystal structure of a-Al,Q; or corundum has been
determined by different authors (7-9). The space group
is R3c (D) with cell parameters @, = 0.4754 nm and
¢, = 1.299 nm at 300 K. The rhombohedral cell contains

FIG. 1.
lines indicate the unit cell).

Projection of the structure of a-Al,O, in the be plane (dashed
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TABLE 1
Interatomic Distances (nm), Bond Angles (%), and Cell
Parameters with Their Standard Deviations in Parentheses at 300
and 2170 K and the Variation (%) in Comparison to the Values
at 300 K

T 300 K 2170 K Var (%)

d, 0.1852(1) 0.1880(1) +2.69
d, 0.1971(2) 0.2024(2) +1.51
8§ 79.53(7) 79.099) —0.55
5 = & 86.40(6) 86.42(9) 0

By 101.20(5) 101.57(9) +0.36
a 84.76(10) 85.35(13) +0.70
X = 3 93.61 93.58 ¢

ay 132.19 131.93 -0.20
oty 120.38 120.41 0
Al-Al (face) 0.2657(4) 0.2744(4) +3.3
Al-Al (edge) 0.2789(1) 0.2847(1) +2.08
Al-Al (corner) 0.3214(1) 0.3262(2) +1.5
a 0.4754(1) 0.4844(2) +1.9
Ch 1.299(2) 1.327(2) +2.15

two formular units. Al atoms lie on the C, axis (4c),
whereas O atoms lie on C; axes (6e). O atoms occupy
approximately hexagonal-close-packed positions with
metal atoms occupying two-thirds of the octahedral inter-
stices. In this structure distorted AlO, octahedra are
linked by faces, edges, or corners in such a way that each
O atom is linked to four Al atoms. The projection of the
structure in the bc plane is given in Fig. 1. Two types of
Al-O bonds exist in an AlQg octahedron: three Al-O
bonds pointing toward the commeon face of two octahedra
with a length of 00,1971 nm and three others of (.1852
nm length,

The structure was studied up to 2170 K by Ishizawa ez
al. (9) by X ray diffraction and by Aldebert and Traverse
by neutron time of flight diffraction (10). Significant
changes in the positional parameters of the Al atoms and
slight changes in those of the O atoms were observed.
The distorted hexagonal-close-packed plane of O atoms
becomes more regular at 2170 K, and the Al atoms move
toward the vacant octahedral interstices between the oxy-
gen layers. The values of the cell parameters, bond
lengths, and angles at 300 and 2170 K are reported in
Table 1.

Spectroscopic Data

The irreducible representations for the optical and
acoustical modes from the Bhagavantam and Venkatary-
udu method (11) are

Top = 24, + 34y, + SE, + 24,, + 24,, + 4E,
- (R) (1) (R) iy (IR) (IR}

Fac = A‘ZH + Eu
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The Raman and IR spectra have been published by differ-
ent authors (12-18). Ashkin ef al. (13) have shown the
temperature dependence of some of the Raman lines and
linewidths in the range of 77-1200 K; Richet et al. (14)
studied the Raman spectra of ALO; up to 1800 K. Gervais
et al. give the evolution of the IR frequencies up to 975
K for the 4,, modes (I7) and up to 1775 K for the E,
modes (18).

Elastic Constants Data

The elastic constants of a-Al,0, have been determined
by some authors (19-21}. The evolution of the C; was
studied by Goto et al. (20) up to 1825 K and by Zouboulis
and Grimsditch (21) up to 2100 K. In this work the Goto
et al. C;; values were chosen.

RESULTS AND DISCUSSION

Normal Coordinate Analysis at 300 K

The internal coordinate sets introduced in the normal
coordinate analysis are presented in Table 2. There are
two sets of Al-O bonds, the d, set corresponds to the
bonds pointing toward the common face of octahedra and
the d, set to the others; four sets of O-Al-O angles 8
{with 8, = &,), and five sets of Al-O—Al angles « (with
o, = ;). Onthe whole 126 internal coordinates were intro-
duced.

In order to obtain a better fit between the observed
and calculated frequencies and elastic constants, it was
necessary to add interaction constants. Different stretch-
ing/stretching (d/d), stretching/bending (d/«, d/8), and
bending/bending (a/e, 8/8, &/a) interactions were intro-
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duced and only those having significant values were kept
in the final refinement. They are listed in Table 2.

The values of the force and interaction constants at
300 K are reported in Table 2; the comparison between
observed and calculated frequencies, between observed
and calculated elastic constants, and PED are given re-
spectively in Tables 3 and 4.

The examination of the results shows that six principal
constants and 11 interaction constants were introduced
tofit together the vibrational frequencies and the C;; elastic
constants. For the vibrational frequencies fit, the average
error is 2.3%, which is quite satisfactory. For the elastic
constants the average error is about 6.2% for the principal
constants C;;; the C;; terms which are generally less pre-
cise are more difficult 1o fit.

Identical force constants were fixed for the d, and d,
bonds. Two of the authors (Y.R. and E.H.) showed that in
structures containing MO, octahedra the most important
parameters for the M—Q stretching force constants are:

(i) The degree of bridging of oxygen atoms. The force
constants decrease substantially as the oxygen atom coor-
dinence increases.

(i) The type of linkage of the octahedra. If they are
isolated the M—Q force constants are smaller than if they
are linked; in a tridimensional MO, framework, the M-0
bond constants increase when the octahedra are linked
by corners, by edges, or by faces, Moreover, for a same
type of bond, the smaller the bond length, the stronger
the force constant (22).

In AlL,O, all the O atoms are linked to four Al atoms;
the d, bonds pointing toward the common face of two

TABLE 2
Definition and Values of the Force Constants and Interaction Constants f Introduced
in the Fits (Stretching and Stretching/Stretching in N-cm~!, Bending in N-cm-rad™3,

Stretching/Bending in N - rad™")

Force constants

Interaction constants

Type d (nm), a, 8(°) f Type f

d ALO, 0.1971(2) { 1,14 d;  ALOO.Al Y dd 0.08
d  AlOy 0.1852(1) 1,14 dn  ALOR/OnAL, 0.08
8  0,ALO; 79.53(7) 0.51 di,  0,AL/ALO, } ad 0.10
5 0,ALOs 86.40(6) 0.45 dhy  OuAly AlOss 0.10
8 0,ALOy 86.40(6) { 0.45 dy  ALOJALD 0.20
8, OnAlOy 101.20(5) 0.45 dp  AlO/ALO, 0.26
o ALD,Al 84.76(10) 0.35 d,  ALOJ/ALO, 0.22
Qy A1703A]|4 93.61 (6) 023 d;z A190241"A]|501 0.26
Oti A17029Al]4 93.6 1(6) { 0.23 1*2 Al-/OZBIAlgOzs 0.22
oy ALOAL, 132.19(3) 0.20 ds,  ALO/O,AL, 0.20
oy ALOpAl, 120.38(4) { 0.20 ds  O,AL/ALOY, 0.26

d%  OAlLJALO, 0.26

di  OAL/ALO, -0.10

ds, Al,olgfoz,m,om} 0.05

ds,  ALOJORALOy 0.05
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TABLE 3
Observed and Calculated Frequencies and PED in a-AlO,
v (cm™)

Mode  Experimental Calculated PED*

E, 750 729.1 16d, + 42d, + 12d}, + 13d5,

A, 644 646.3 55d, + 25ds + 14dd’ — 26d, + 194, — 17d}, — 17d% + 1845
E, 634 649.3 27d, + 43d, + 128, + 20a — 1547 — 1645

Ay, 584 583.1 60d, + 37dy + 195, + 178, + 120y + 1205 + 17dd’ — 21d,, — 21d}, + 9% — 2153 — 2243,
E, 576 563.4 31d, + 20d, + 195 + 12d;, + 1245

E, 569.5 540.8 27d, + 36d, + 125, + 128, + 20a — 14d},

E, 448 468.2 158, + 178; + 195, + 450 —

E, 439,3 448.3 82d, + 27d, + 285 + 13d,, — 20d}; — 2545

E, 428 430.8 38d, + 60d;, + 278 + 1Ba — 35d|, — 20d}; — 12d% + 2745
A, 416 400.8 385, + 178, + Nay + 170y

Ay 399,5 384.3 68, + 178 + 24a; + 13dd’ — 13d3 — 1645,

E, 384,8 378.2 50d, + 308, + 178, + 1Topns — 12d5,

E, 378 375.6 45d, + 168, + lda, + 13a

7 Only the contributions = 12% are mentioned,

octahedra are supposed to be stronger than the d, bonds
(edge-linked octahedra) but 4, bonds are longer than d,
bonds. Thus the two types of bonds are expected to have
close force constants. The value 1.14 N-cm™ can be
compared with those found (about 1.10N - cm™ ) in perov-
skites EuAlO; and NdAIO, (23, 24). In these compounds
the Al-O bonds exhibit a length of 0.190 nm and each
oxygen atom is linked to two Al atoms instead of four in
Al Q,, whereas octahedra share only corners instead of
corners, edges, and faces in AL, . With the two parame-
ters playing in opposite sense, it seems coherent to have
force constants of about the same value for the two struc-
tures.

For the O-Al-0 angles the bending force constants are
0.5 N-cm™! for 8, which is the angle between two d,
bonds and they are smaller, 0.45 N -¢m™!, for the others.
For the Al-O-Al angles again the bending force constant
applying to the o, angle is higher than in the other a
angles. Concerning the interaction constants the strongest
are the ALO/AIO ones with a common Al or O atom but

also those between Al-Q bonds belonging to two different
AlO, octahedra with no common atom, for example
fd})) between d, bonds joined via the common face or
f(d3,) between d, bonds in a Alig:Al cycle (in edge-
sharing octahedra). The stretching/bending and bending/
bending interactions are negligible except for the two con-
stants fd8, and fd6, which exhibit a low value (0.05
N-cm™.

The examination of Table 3 reveals the following re-
sults:

— For the highest frequencies due essentially to streich-
ing modes, there is an important coupling between the
stretching vibrations of the d, and d, bonds. This is due
to the compacity of the structure and confirms that the
two sets of bonds vibrate together and thus have close
force constants.

~-The bending modes appear at relatively high frequen-
cies coupled with the stretching modes.

TABLE 4
Observed and Calculated Elastic Constants and PED in a-Al,Q;
{GPPa)
Cy Experimental  Calculated PED*
o 497 492 I8, + 235 + 13a
Cy 500,9 428 .4 24d, + 355 + l4a
Cu 146,8 146 16d, + S3dy + 258, + 15a
Ce 167,5 153 16d; + 485 + 19«
Cyy 164 185.6 97d, — 108, ~ 208, — 188, — 18a + 16dd’ + 15d;,
Cy 116 201.7 15d, + 894, — 228 — e + 12d} + 1245
Cis -21.9 —-6.6 —44d; + 31dy — 20 — 13dd + 24dd’ + 54d,, + 24}, + 20d%;, + 247

? Only the contributions = 12% are mentioned.
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— The Al-0O-Al angle bending notably contributes to
the PED, as does the O-Al-0O angle bending.

From Table 4 it can be concluded: that: .

— Compressibility constants C;; and C, are both due
to Al-O bonds and to O-Al-0O and Al-O-Al angles. Al-
though all 8 and « angle sets are concerned, only d,
bonds are.

— For the C,, shear constant there is a predominant
contribution of the d, bonds, the § angles except 8,, the
o angles except «; , and the d, bonds. For the C¢ constant
an important contribution of the angles and more particu-
larly of 8§ angles is noted.

-— Thus both the 4, bonds pointing toward the common
face of two octahedra and the corresponding 8, and ¢,
angles which constitute the most rigid part of the crystal
exhibit a low contribution to the C; elastic constants.

— The C; terms exhibit a predominant contribution of
the Al-O bonds.

Evolution as a Function of Temperature

In Fig. 2 the evolution of the Raman (14} and IR frequen-
cies (17, 18) vs temperature have been reported. All the
frequencies decrease linearly when the temperature in-
creases. Figure 3 gives the temperature variation of elastic
constants according to Goto et al. (20). The C,,, Cy;, and
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FIG. 2. Evolution of the Raman and IR frequencies vs temperature
(14, 17, 18).
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FIG. 3. Evolution of the elastic constants vs temperature according

to Goto et al. (20).

C,4 constants decrease linearly with temperature, whereas
the Cy;, C3, and C, constants remain quite constant in
the whole temperature range.

Fits have been made for the data at 620, 1450, 1770,
and 2170 K. For the highest temperatures, spectroscopic
data were extrapolated from the curves of Fig. 2 and
experimental C; of Zouboulis and Grimsditch were used.
For the last temperature, two calculations were per-
formed: (i) with the atomic positions at 300 K and (ii} with
the atomic positions determined by Ishizawa et al. at 2170
K (9). The interaction constants calculated at 300 K were
kept constant in the calculations at higher temperatures
and only the principal force constants were adpsted. The
observed and calculated frequencies and elastic constants
are given respectively in Tables 5 and 6 and the force
constants are given in Table 7.

The examination of the results makes possible the fol-
lowing remarks:

— It was possible to transfer the force field determined
at 300 K to fit the experimental data at higher tempera-
tures. The different fits between the observed and calcu-
lated data lead to an average error of 2.3% for the vibra-
tional frequencies and 7% for the elastic C,; constants.
The PED remains quite identical except for C,, where the
contribution of the 4, bonds increases regularly from 58%
at 300 K to 72% at 2170 K.,
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TABLE 5
Observed and Calculated Frequencies (in cm ™} at Different Temperatires
620 1450 1770 2170

T(K) Observed  Calculated Observed  Calculated Observed  Calculated Observed  Calculated®  Calculated?
E, 738 726.9 T4 714.1 T10 700.4 692 691.2 688.9
A, 634 644.9 615 632.6 610 617.4 605 607.5 606.3
E, 625 643.1 604 617 595 598 584 586.1 575.8
Ay, 574.5 577.6 560 560.2 545 538.7 540 522.2 5143
E, 568 562.1 548 549.6 543 5393 530 531.8 526.1
E, 560 535.7 540 517.2 532 502.5 522 492.6 485.7
Eg 442 459.0 430 442.0 420 433.4 410 427.9 416.7
E, 432 446.4 421 431.4 410 414 .4 402 401.7 396.7
Eg 416 428.8 386 410.3 376 192.7 366 380.9 376.3
A, 409 394.1 386 177.5 376 370 364 365.8 359.1
Az, 392.5 3719.2 380 365.6 365 354.1 352 347.3 343.5
E, 380 3758 365 359.6 364 350.5 358 343.7 339.1
E, 373 iz 357.5 358.5 352 348.7 345 342.1 338.5

4 Calculations performed with the atomic positions at 300 K.
b Calculations performed with the atomic positions at 2170 K.

— Between 300 and 2170 K the force constants decrease
about 12% for the Al-O bonds, 14% for the O-Al-O
angles, and 20% for the Al-O-Al angles.

— All the vibrational frequencies exhibit a very similar
evolution between 300 and 2170 K, due to the important
couplings between stretching and bending modes. This
result is in good agreement with those of Schauver (25) who
observed an average 4.1% decrease of the frequencies
between 300 and 1470 K. Comparing the frequencies at
2170 K with those at 300 K, one can note 2 lesser decrease
of high frequencies exhibiting a predominant contribution
of the stretching modes. The frequencies E, at 448.7 cm ™!
and A, at 417.4 cm ! due only to bending modes exhibit
a greater decrease.

— For the elastic constants a very important decrease
of compressibility constants C,, and Cy,; can be observed
in Fig. 3; C,, exhibits a lower decrease and C,, Cjy,
and C,, remain quite constant. It seems that the greater

contribution Al-0 bonds exhibit, the lesser variation they
show with the temperature.

CONCLUSION

This work gives the following main results:

(i) It was possible with a limited number of force and
interaction constants to fit the vibrational frequencies and
the clastic constants with a satisfactory precision in a-
AlLO,.

(ii) The importance of the interaction constants was
pointed out, especially stretching/stretching interactions.
This is related to the great compacity of the structure and
the high coordination of oxygen atoms.

(iii) The bonds and angles assumed to be the most rigid
do not occur in the elastic constants, especially in the
compressibility constants which are high: a-Al,O, is one

TABLE 6

Observed and Calculated Elastic Constants (in GPa} at Different Temperatures

620 1450 1770 2170
T(K) Observed  Calenlated Observed  Calculated Observed  Calculated Observed?  Calculated
Cy 4838 487.1 4443 465.3 429.6 453.6 405 444
C 487.2 425.6 4483 403.1 434.5 396.2 413 387.9
Cy 137.9 144.2 116.3 132.6 108.7 125.8 160 120
C 160.3 149.5 142.5 136.8 135.7 132.9 129.5
i 163.1 188.1 159,2 191.7 158.1 187.8 185.1
Cis 112.5 203 101.6 206.4 99.2 199.7 197.2
Cu -23.4 -6.2 -24.5 -17.5 -24.5 -6.5 -7.2

¢ Experimental data of Zouboulis and Grimsditch (21).
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TABLE 7
Evolution of the Principal Force Constants vs Ternperature
(Stretching in N-cm~!, Bending in N:cm-rad—?%)

T(K) 300 620 1450 1770 2170¢  Var(%)*
d, = d 114 114 110 104 100 -12
5 051 049 048 047 046 -10
5, =8 =8 045 045 040 039  0.38 -15
a 035 035 030 028 027 ~23
a = o 023 022 02 021 020 13
a = a 020 048 0.6 015 0.5 ~25

? Force field used for the fits performed with the atomic positions at
2170 and 300 K.
¢ Variation between the values at 2170 and 300 K.

of the most incompressible materials, with a bulk modulus
of 252 GPa (26).

(iv) When the temperature increases, the strucfure ex-
hibits very slight evolution, leading to slight evolution of
the vibrational frequencies and elastic constants since the
bulk modulus decreases from 252 GPa at 300 K to 221
GPa at 1825 K (26, 27).

(v) The stretching force constant decreases slowly from
I.I4 N-cm™' at 300 K to 1.04 N-cm ™! at 2170 K. Thus
the Al-O bonds are fairly weakened at high temperature.
They kept approximately the same degree of covalency
at high temperature as at 300 K. This result is in good
agreement with the slight evolution vs temperature of the
Gruneisen parameters given by Schauer (25): 1.40 at 300
K and 1.32 at 1475 K. The bending constants, especially
the Al-O—Al ones, weaken more with increasing temper-
ature.
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